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ON WEAK∗-CONVERGENCE IN THE HARDY SPACE H1
OVER SPACES OF HOMOGENEOUS TYPE
HA DUY HUNG AND LUONG DANG KY ∗
Abstract. Let X be a complete space of homogeneous type. In this note,
we prove that the weak∗-convergence is true in the Hardy space H1(X ) of
Coifman and Weiss.
1. Introduction
Let d be a quasi-metric on a set X , that is, d is a nonnegative function on
X × X satisfying
• d(x, y) = d(y, x),
• d(x, y) > 0 if and only if x 6= y,
• there exists a constant κ1 ≥ 1 such that for all x, y, z ∈ X ,
(1.1) d(x, z) ≤ κ1(d(x, y) + d(y, z)).
A trip (X , d, µ) is called a space of homogeneous type in the sense of Coifman
and Weiss if µ is a regular Borel measure satisfying doubling property, i.e.
there exists a constant κ2 > 1 such that for all x ∈ X and r > 0,
(1.2) µ(B(x, 2r)) ≤ κ2µ(B(x, r)).
In this paper, we always assume that (X , d, µ) is a complete space of homo-
geneous type, µ(X ) =∞ and 0 < µ(B) <∞ for any ball B ⊂ X .
Recall (see [3]) that a function a is called an H1-atom related to the ball
B ⊂ X if
• supp a ⊂ B;
• ‖a‖L∞(X ) ≤ µ(B)
−1;
•
∫
X
a(x)dµ(x) = 0.
The Hardy space H1(X ) is defined as the set of all f =
∑∞
j=1 λjaj with {aj}
∞
j=1
are H1-atoms and {λj}
∞
j=1 ⊂ C is such that
∑∞
j=1 |λj| < ∞. The norm on
H1(X ) is then defined by
‖f‖H1(X ) := inf
{
∞∑
j=1
|λj| : f =
∞∑
j=1
λjaj
}
.
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It is well-known (see [3]) that the dual space of H1(X ) is BMO(X ) the
space of all locally integrable functions f with
‖f‖BMO(X ) := sup
B
1
|B|
∫
B
∣∣∣f(x)− 1
|B|
∫
B
f(y)dµ(y)
∣∣∣dµ(x) <∞,
where the supremum is taken over all balls B ⊂ X . Furthermore, H1(X ) is
itself the dual space of VMO(X ) the closure in BMO(X ) norm of the set
Cc(X ) of all continuous functions with compact support.
The aim of the present paper is to establish the following.
Theorem 1.1. Suppose that {fn}
∞
n=1 is a bounded sequence in H
1(X ), and
that limn→∞ fn(x) = f(x) for almost every x ∈ X . Then, f ∈ H
1(X ) and
{fn}
∞
n=1 weak
∗-converges to f , that is, for every ϕ ∈ VMO(X ), we have
lim
n→∞
∫
X
fn(x)ϕ(x)dµ(x) =
∫
X
f(x)ϕ(x)dµ(x).
It should be pointed out that, when X = Rd, Theorem 1.1 was proved
firstly by Jones and Journe´ [5] when trying to answer a question of Lions and
Meyer [1]. When X is a norm space of homogeneous type, Theorem 1.1 was
established by Grafakos and Rochberg [4].
2. Proof of Theorem 1.1
Let M be the classical Hardy-Littlewood maximal function. The following
result is well-known (see [3]).
Lemma 2.1. There exists a constant C1 > 0 such that
µ({x ∈ X :Mg(x) > λ}) ≤ C1
1
λ
∫
X
|g(x)|dµ(x)
for all g ∈ L1(X ) and λ > 0.
By a standard argument (cf. [2, 4]), we get the following lemma.
Lemma 2.2. There exists a constant C2 > 0 such that, for any Borel set E,
‖ log(M(χE))‖BMO(X ) ≤ C2.
Proof of Theorem 1.1. Without loss of generality, we can assume that ‖fn‖H1 ≤
1 for all n ≥ 1. Since the Fatou’s lemma, we see that ‖f‖L1(X ) ≤ 1. By this
and a standard function theoretic argument, it suffices to show that
(2.1) lim
n→∞
∫
X
fn(x)ϕ(x)dµ(x) =
∫
X
f(x)ϕ(x)dµ(x)
for all ϕ ∈ Cc(X ) with ‖ϕ‖L1(X ), ‖ϕ‖L∞(X ) ≤ 1.
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Fix ε > 0. As f ∈ L1(X ), there exists a positive number β such that∫
E
|f |dµ < ε for any Borel set A satisfying µ(A) < β. By ϕ ∈ Cc(X ) and [6,
Theorems 2 and 3], there exists α ∈ (0, β
C1ε
), where the constant C1 is as in
Lemma 2.1, such that if B is a ball in X satisfying µ(B) < α, then
(2.2) |ϕ(x)− ϕ(y)| < ε
for all x, y ∈ B. On the other hand, by the Egorov’s theorem and the regularity
of µ, there exists an open set E ⊂ X such that µ(E) < αεe−
1
ε and fn → f
uniformly on suppϕ \ E. Define τ := max{0, 1 + ε log(M(χE))}. It is clear
that 0 ≤ τ ≤ 1 and τ(x) = 1 for all x ∈ E. We now claim that
(2.3) ‖ϕτ‖BMO(X ) ≤ (2 + 2C1 + 3C2)ε,
where the constant C2 is as in Lemma 2.2.
Assume that (2.3) holds for a moment. Since fn → f uniformly on suppϕ\E,
there exists n0 ∈ N such that ‖fn−f‖L∞(suppϕ\E) < ε for all n ≥ n0. Applying
Lemma 2.1 with g = χE and λ = e
− 1
ε , we obtain that
µ(supp τ) ≤ C1µ(E)e
1
ε < C1αε < β.
Therefore, for any n ≥ n0,∣∣∣∣∣∣
∫
X
(fn − f)ϕdµ
∣∣∣∣∣∣
≤
∣∣∣∣∣∣∣
∫
suppϕ\E
(fn − f)ϕ(1− τ)dµ
∣∣∣∣∣∣∣+
∣∣∣∣∣∣
∫
supp τ
fϕτdµ
∣∣∣∣∣∣+
∣∣∣∣∣∣
∫
X
fnϕτdµ
∣∣∣∣∣∣
≤ ‖fn − f‖L∞(suppϕ\E)‖ϕ‖L1(X ) + ‖ϕ‖L∞(X )
∫
supp τ
|f |dµ+ ‖fn‖H1(X )‖ϕτ‖BMO(X )
≤ ε+ ε+ (2 + 2C1 + 3C2)ε = (4 + 2C1 + 3C2)ε.
This proves that (2.1) holds.
Let us now show (2.3). Let B be an arbitrary ball in X . If µ(B) ≥ α, then
1
µ(B)
∫
B
∣∣∣∣∣∣ϕ(x)τ(x)−
1
µ(B)
∫
B
ϕ(y)τ(y)dµ(y)
∣∣∣∣∣∣dµ(x) ≤ 2
1
µ(B)
∫
B
|ϕτ |dµ
≤ 2
1
α
‖ϕ‖L∞(X )µ(supp τ)
≤ 2C1ε.
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Otherwise, by (2.2) and Lemma 2.2, we have
1
µ(B)
∫
B
∣∣∣∣∣∣ϕ(x)τ(x)−
1
µ(B)
∫
B
ϕ(y)τ(y)dµ(y)
∣∣∣∣∣∣dµ(x)
≤ 2
1
µ(B)
∫
B
∣∣∣∣∣∣ϕ(x)τ(x)−
1
µ(B)
∫
B
ϕ(y)dµ(y)
1
µ(B)
∫
B
τ(y)dµ(y)
∣∣∣∣∣∣dµ(x)
≤ 2‖τ‖L∞(X ) sup
x,y∈B
|ϕ(x)− ϕ(y)|+ 2‖ϕ‖L∞(X )‖τ‖BMO(X )
≤ 2ε+ 2
3
2
‖ε log(M(χE))‖BMO(X ) ≤ (2 + 3C2)ε,
which proves that (2.3) holds.
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